Abstract. In [3] the authors define odometer actions of discrete, finitely generated and residually finite groups G. In this paper we focus on the case where G is the discrete Heisenberg group. We prove a structure theorem for finite index subgroups of the Heisenberg group based on their geometry when they are considered as subsets of Z 3 . We provide a complete classification of Heisenberg odometers based on the structure of their defining subgroups and we provide examples of each class. It follows from [7] that all such actions have discrete spectrum, i.e. that the unitary operator associated to the dynamical system admits a decomposition into finite dimensional, irreducible representations of the group G. Here we provide an explicit proof of this fact for general G odometers. Our proof allows us to define explicitly those representations of the Heisenberg group which appear in the spectral decomposition of a Heisenberg odometer, as a function of the defining subgroups. Along the way we also provide necessary and sufficient conditions for a Z d odometer to be a product odometer as defined by Cortez in [2] .
Introduction
Odometer systems are a well studied class of examples in the classical theory of measurable and topological dynamical systems generated by a single transformation. They are rank one transformations, and therefore are ergodic and have zero entropy. They have discrete rational spectrum and are the key ingredients in the study of Toeplitz systems. They can be viewed measure theoretically as cutting and stacking transformations of the unit interval. Alternatively, they can be viewed algebraically as an action of Z on an inverse limit space of increasing quotient groups of Z. They can also be viewed as an action by addition in an adic group. It follows that they are, in fact uniquely ergodic (see, for example, [4] and the references therein, and [8] ).
All of these perspectives can be generalized to define odometer actions of Z d and there is an obvious way to construct examples. In the case of d = 2, given any two Z odometer actions (T, X) and (S, Y ), the maps T × Id, Id × S acting on X × Y clearly commute and satisfy the appropriate generalizations of the above ideas to Z 2 . In [2] Cortez defines odometer actions of Z d using the inverse limit approach. She calls the obvious examples described above product odometers and gives an example of a non-product type Z 2 odometer. As in the classical case, Z d odometers are uniquely ergodic and have zero entropy. In [3] Cortez and Petite generalize the work in [2] to define G odometer dynamical systems for G any discrete, finitely generated and residually finite group, and show that they are also uniquely ergodic. In this paper we provide a detailed geometric analysis of the special case of odometer actions of the discrete Heisenberg group and a spectral analysis of G odometers in general. Our work allows us to give an explicit description of the finite dimensional, irreducible representations of the Heisenberg group which can arise in the spectral decomposition of a Heisenberg odometer.
Heisenberg odometers. Let H be the discrete Heisenberg group, defined on the set Z 3 with the following group multiplication:
(x, y, z)(x , y , z ) = (x + x , y + y , z + z + xy ).
In this paper we show that there are geometric considerations similar to the Z 2 case which separate different types of Heisenberg odometers. In particular, thinking of subgoups of the Heisenberg group as subsets of Z 3 with a different group multiplication, we can associate to any Heisenberg odometer, a Z 2 odometer constructed by considering the projections of the Heisenberg subgroups onto their first two coordinates. If this associated odometer is of product type, as defined by Cortez, we call the Heisenberg odometer an (x, y)-product odometer. If the subgroups Γ n , considered as sets in Z 3 , have the structure AZ 2 × mZ for some nonsingular matrix A ∈ M (2, Z) and m ∈ N we call it a flat odometer. If the Heisenberg odometer is both of (x, y)-product type and flat we call it a pure product odometer. As in the Z d case, it is obvious how to construct pure product type odometers for the Heisenberg group. We show that these are not the only odometers one can construct. In fact, we show that there are odometers of all possible combinations and that these are the only classes possible (see Figure 1 for a guide to the examples constructed in the paper). In order to construct Heisenberg odometers that are not of product type we also extend the work in [2] . We give necessary and sufficient conditions for a Z d odometer to be of product type. Our characterization allows us to identify a larger collection of non-product examples than the work in [2] would allow.
Flat
Spectral analysis of G odometers. Let G be as described above and recall that an ergodic and measure preserving action of G is said to have discrete spectrum if the associated unitary representation can be decomposed into a direct sum of irreducible, finite dimensional representations of G. In [7] Mackey shows that any action of this class of groups G which is conjugate to a rotation on a compact group by a dense subgroup has discrete spectrum as a consequence of the PeterWeyl Theorem. A G odometer is an example of this type of action. Here we present a different argument where we explicitly construct the decomposition into irreducible finite dimensional representations of G. As an easy corollary, for those groups G where entropy theory has been sufficiently developed, we have that G odometers have zero entropy.
In the case of Heisenberg odometers, our analysis of the geometric structure of the subgroups of H allows us to give a complete description of the finite dimensional, irreducible representations of H that can occur in the spectral decomposition of any given Heisenberg odometer action.
Defining G odometers
Let G be a discrete, finitely generated and residually finite group. Following [3] we define a G odometer dynamical system as follows. Since G is residually finite, there exists a sequence Γ 1 ⊃ Γ 2 ⊃ · · · Γ n ⊃ · · · of subgroups with finite indices in G such that ∩Γ n = {e}. Let π n : G/Γ n+1 → G/Γ n be the homomorphism induced by the inclusion Γ n+1 ⊂ Γ n and denote by ← −− − G/Γ n the inverse limit space of the sequence {(G/Γ n , π n )} n≥1 . It is a compact metrizable space whose topology is spanned by the cylinder sets
The group G acts by left multiplication on ← −− − G/Γ n and we denote the action by h.g. Such an action is called a G subodometer. If the subgroups {Γ n } are normal in G, the system is called a G odometer. The action of G on ← −− − G/Γ n preserves Haar measure µ and is uniquely ergodic. We refer to the dynamical system (
Subgroups of the discrete Heisenberg group
In this section we describe the geometry of subgroups of H, the discrete Heisenberg group, in terms of their projection onto their first two coordinates, and the structure of the fiber over this projection. The work in this section will allow us to carry out the classification of Heisenberg odometers described in the introduction.
The following facts are easily verified by computation and we will use them frequently in our arguments:
Proposition 3.1. Any finite index subgroup Γ of H can be written as
Proof. Let f and g be the group homomorphisms from the following short exact sequence:
Define f Γ = f | <(0,0,1)>∩Γ and g Γ = g| Γ . Then the following is also a short exact sequence:
for some non-negative integer m Γ , and it follows that
Since Γ has finite index it follows immediately that m Γ ≥ 1 and that A is nonsingular. Further, let (x, y) ∈ AZ 2 and suppose (x, y, z) and (x, y, z ) are both elements of Γ. Then (3) and (4) shows that z = z mod m Γ concluding the proof.
In order to construct Heisenberg odometers we will only be considering subgroups Γ with the property that m Γ > 1. The next proposition identifies some algebraic properties of the function i Γ , and the relationship between the constant m Γ and the matrix A. 
If, in addition, Γ is a normal subgroup then we have the stronger conclusion that m Γ divides all the entries in the matrix A.
for some k ∈ Z, and (5) follows. To see that (6) holds choose p, q, r, s ∈ Z such that m Γ is relatively prime to ps − rq. Let
Then both (u, v), (x, y) ∈ AZ 2 and therefore there exist w, z ∈ Z such that (u, v, w), (x, y, z) ∈ Γ. Using (1) we then have that (0, 0, ux − vy) ∈ Γ and (4) implies that m Γ must divide ux − vy. But
so by our choice of p, q, r, s we must have that m Γ divides det(A). Finally, suppose that Γ is normal, and choose any (x, y, z) ∈ Γ and (u, v, w) ∈ G. Normality, the definition of m Γ , and (1) 
This implies that m Γ |x, y. Since (x, y) ∈ AZ 2 is arbitrary, it follows that m Γ must divide each entry of the matrix A.
The following proposition gives a converse result to the previous two propositions. Proposition 3.3. Consider a nonsingular matrix A ∈ M (2, Z), m > 1, and a map i : AZ 2 → Z chosen such that m divides the entries of A, and i satisfies
is a finite index normal subgroup of H.
Proof. If Γ A,i,m is a subgroup, our choice of A and m will guarantee that it is a subgroup of finite index. To see that it is a subgroup first note that by (7) for any k ∈ Z we have ki(0, 0) = i(0, 0) mod m. Therefore we must have i(0, 0) = 0 and
is also in Γ we use (1) to obtain γ −1 = (−x, −y, −i(x, y) − km + xy). Using (7) we can replace −i(x, y) with i(−x, −y) + k m for some k ∈ Z. Since m divides the entries of A, it must divide x and y yielding that γ −1 lies in Γ. Closure under addition and normality follow from similar arguments. The next result will allow us to easily check if a sequence of normal subgroups of H is nested. 
Proof. The proof follows immediately when the subgroups Γ and Γ are written in the form given by (2) of Proposition 3.1.
The Classification of Heisenberg Odometer Actions
Recall from the introduction that it is possible to classify Heisenberg odometers in terms of the geometric structure of the defining subgroups. We will now use the results of the previous section to carry out this classification. In particular, we can now describe any sequence of subgroups Γ n of H in terms of the sequence of triples (A n Z 2 , m Γn , i Γn ).
Definition 4.1. A finite index subgroup Γ of H is called:
• pure product if it is flat and (x, y)-product.
Based on this definition, we introduce the following classes of H odometers. There exists an effective criterion to check whether two H odometers are conjugate which we will use extensively in what follows. It is based on the following characterization of a factor map:
). There exists a factor map π :
Note that if the sequence {Γ n } defines a Heisenberg odometer, then the sequence {A n Z 2 } must also define a Z 2 odometer. We call the odometer on
It is clear that a Heisenberg odometer is of (x, y)-product type if and only if the associated Z 2 odometer is of product type and therefore pure product Heisenberg odometers are very easy to construct.
Example 4.4 (Pure product Heisenberg odometer). Let
In producing Heisenberg odometers which are not (x, y)-product we can't simply use Cortez's [2] example of a non-product Z 2 odometer. That example is constructed with the following sequence of matrices:
which have the property that the entries are relatively prime, a sufficient condition for the resulting odometer to be non-product type. However, by Proposition 3.2 any sequence of normal subgroups Γ n of the Heisenberg group with such a projection must have m Γn = 1 for all n and therefore won't have trivial intersection. Thus these family of non-product type Z 2 examples cannot be used to construct Heisenberg odometers.
In what follows we give a new necessary and sufficient condition for a Z d odometer to be conjugate to a product odometer which allows us to give examples where the entries of the matrices have a non-trivial common factor. Examples of flat and non (x, y)-product type Heisenberg odometers will follow immediately.
is conjugate to a product odometer if and only if there exists a subsequence of {A n } such that
Proof. Assume that the odometer on
Also, by Lemma 4.3, and passing as necessary to a subsequence, one has
Conversely, if (10) holds, one considers the sequence of diagonal matrices {∆ n } given by
Therefore (11) 
is conjugate to a product odometer if and only if there is a subsequence of {A n } n∈N such that
We are now ready to produce a flat Heisenberg odometer which is not (x, y)-product.
Example 4.7 (Flat but not (x, y)-product type Heisenberg odometer). We modify the matrices in (9) slightly:
and we consider the subgroups Γ n given by the triple (A n Z 2 , 2 n , 0). By Proposition 3.3 each Γ n is a normal subgroup of H. It is easy to check that Γ n+1 ⊂ Γ n and ∩Γ n = {(0, 0, 0)}, hence the H odometer on ←−−− H/Γ n is flat. By Corollary 4.6 the associated Z 2 odometer is not of product type. Indeed, ∆ n (1, 1) · det(Â n ) = 2 n · (−16)·33 n , and A m (1, 1) = 2 m ·3 m+1 and there are no m > n so that 2
Given any sequence {A n Z 2 } it is not obvious how to choose a non-trivial sequence i n so that the resulting sequence of subgroups will give rise to a non-flat odometer, or if it is possible to do so even for product type odometers. Below we provide an example of an (x, y)-product but not flat Heisenberg odometer.
Example 4.8 ((x, y)-product but not flat Heisenberg odometer).
Consider the sequence of positive integers {k n } defined recursively by k 1 = 2 and k n+1 = k n (k n + 1). For each n, we construct by Proposition 3.2 the normal subgroup Γ n using the diagonal matrix A n = k n 0 0 k n , positive integer m n = k n and the map i n : A n Z 2 → Z defined as i n (x, y) = x/k n . Notice that
We now check Γ n+1 ⊂ Γ n using Proposition 3.5. The only non-trivial condition to verify is (8) : if x = k n+1 u, then i n+1 (x, y) = u and i n (x, y) = (k n + 1)u = u mod k n , as needed. Also ∩Γ n = {(0, 0, 0)}, otherwise if (0, 0, 0) = (x, y, z) ∈ ∩Γ n , then at least one of |x|, |y|, |z| ≥ k n for all n ≥ 1, which is impossible since k n → ∞. Therefore the H odometer on ←−−− H/Γ n is of (x, y)-product type. Notice that (k n , k n , 1) ∈ Γ n for every n ∈ N. If this example has an odometer factor on ←−−− H/Γ n where each subgroup Γ n is flat, then by Lemma 4.3 it would follow that for any Γ n there exists Γ m such that Γ m ⊂ Γ n , and so (k m , k m , 1) ∈ Γ n , as well. This contradicts the fact that Γ n is flat: i Γ n ≡ 0 and the z-component cannot be 1 (by Proposition 3.1).
Example 4.9 (Not flat and not (x, y)-product Heisenberg odometer). Using the sequence {k n } defined in the previous example and the matrices in (9), we consider the sequence of matrices
, and the normal subgroups given by the triples (A n , k n , i n ) where i n : A n Z 2 → Z is defined as i n (x, y) = x/k n . We can describe Γ n as
The inclusion Γ n+1 ⊂ Γ n follows from Proposition 3.5: in order to verify (8) notice
needed. An argument similar to that of the previous example shows that ∩Γ n = {(0, 0, 0)}, hence the sequence{Γ n } defines an Heisenberg odometer.
By choosing u, v ∈ Z such that 3 n+1 · u + 7 · 11 n · v = 1 and letting w = 0, we have (k n , k n , 1) ∈ Γ n for every n ∈ N. We conclude, as above, that the odometer on
We analyze now the associated Z 2 odometer, ← −−−−− − Z 2 /A n Z 2 and show that the condition stated in Corollary 4.6 is not satisfied. Indeed, ∆ n (1, 1) · det(Â n ) = k n · (−16) · 33 n , and A m (1, 1) = k m · 3 m+1 and there are no m > n so that k n · (−16) · 33 n divides k m · 3 m+1 , since each integer k m = 2 · odd.
Spectral Analysis of Heisenberg Odometer Actions
As was discussed in the introduction, Mackey [7] has shown that a G odometer, for G any discrete, finitely generated and residually finite group, has discrete spectrum by showing that the action of G on the inverse limit space ← −− − G/Γ n is a sub-action of the compact group ← −− − G/Γ n acting on itself by rotation. In this section we analyze the exact nature of this decomposition.
It is clear that any one dimensional irreducible representation that appears comes from eigenfunctions of the group action. In [3] the authors show that the eigenvalues of a G odometer are those characters φ : G → S 1 of the group G for which φ(γ) = 1 for all γ ∈ Γ n for some n and that the functions f = γ∈G/Γn φ(γ)χ [n;γ] are the corresponding eigenfunctions. Below we present an alternate proof that odometer actions have discrete spectrum that allows us to identify the rest of the representations that occur in the decomposition explicitly and in terms of the irreducible, finite dimensional representations of the group G, as opposed to the group
In the case of the discrete Heisenberg group H this approach allows us to say much more. An easy computation shows that if φ : H → S 1 is a character, then φ(x, y, z) = φ(x, y). Thus the one dimensional representations of a Heisenberg odometer are determined entirely by the eigenvalues of its associated Z 2 odometer.
We describe below the eigenvalues of a Z 2 odometer on ← −−−−− − Z 2 /A n Z 2 in terms of the sequence of matrices A n and using the results of Section 4 we identify explicitly those finite dimensional, irreducible representations of the Heisenberg group which arise in the spectral decomposition of the H odometer action on ←−−− H/Γ n as a function of the triples (A n , m n , i n ) defining the subgroups Γ n . 5.1. Discrete spectrum of general odometer actions. Let G be a discrete, finitely generated, and residually finite group. Fix a G odometer on
denote the induced unitary operator of the odometer action defined by
Theorem 5.1. U admits a decomposition into finite dimensional irreducible representations of G of the form
with the property that there exists an increasing sequence k n → ∞ so that for all n, kn k=1 U k is equivalent to the unique irreducible decomposition of the regular representation of G/Γ n .
Before proving the result, we introduce some additional notation. Let Σ be the Borel σ-algebra on ← −− − G/Γ n generated by all cylinder sets [n; γ], n ≥ 1 and γ ∈ G/Γ n ; for each n ≥ 1, let Σ n be the σ-algebra generated by the n th -stage cylinder sets, and let µ n = µ |Σn be the induced probability measure on the cylinder sets, which is normalized counting measure. Let X n = (
. By using the natural unitary isomorphism between the finite dimensional spaces L 2 (G/Γ n ) and L 2 (X n ) given by χ γ → χ [n;γ] , one easily checks that U (n) is equivalent to the regular representation of G/Γ n over L 2 (G/Γ n ). This equivalence allows us to use the machinery of regular representations of finite dimensional groups to prove Theorem 5.1 constructively. In particular we will use the following two classical results which we state in our context.
for some sub collection of the subspaces
Moreover, a compatibility relation exists between the G/Γ n -representation, U (n) and the G/Γ n+1 -representation, U (n+1) .
Proof. It is sufficient to verify the condition for a givenγ ∈ G/Γ n and the associated characteristic function χ [n;γ] :
Here we used the fact that π
n (γ) which follows from the definition of π n . Indeed,
into U (n+1) (and therefore U ) invariant subspaces. Lemma 5.3 also implies that the decomposition of L 2 (X n ) into U (n) invariant irreducible subspaces is a decomposition into U (n+1) invariant and irreducible subspaces, therefore
is a decomposition of L 2 (X n+1 ) into U (n+1) (and thus U ) invariant, irreducible, finite dimensional supspaces.
So for all n, by relabelling, we have the decomposition L 2 (X n ) = 1≤k≤kn F k such that U k = U | F k is an irreducible, finite dimensional representation of G. Recalling the fact that U (n) is equivalent to the regular representation of G/Γ n , the collection U k for k = 1, · · · , k n must include all representations of that finite group.
To complete the argument note that the space V = ∞ k=1 F k contains all characteristic functions χ [n;γ] . Furthermore, the collection of characteristic functions generates an algebra of continuous functions that separates points in ← −− − G/Γ n , is closed under complex conjugation and contains the constants. Therefore, by the Stone-Weierstrass Theorem V contains the continuous functions on ← −− − G/Γ n , and by the density of the continuous functions in the L 2 norm, must therefore be all of
Corollary 5.4. Every G sub-odometer has discrete spectrum.
Proof. In [3] the authors prove that every sub-odometer is the factor of an odometer. The result then follows from Theorem 5.1.
If in addition we suppose that G is a discrete countable amenable group, recent developments in the field yield the following immediate corollary. Proof. Suppose not. It would then follow from [9] that ( ← −− − G/Γ n , µ, G) has a Bernoulli factor. By [1] this factor would have countable Lebesgue spectrum, contradicting Theorem 5.1.
Spectrum of Z
2 odometers. Let us fix a Z 2 odometer on
denote a character of Z 2 . By an abuse of notation we refer to the pair (α, ξ), rather than the associated character, as an eigenvalue of the action. We further only concern ourselves with (α, ξ) ∈ T
2 . An easy computation shows that (α, ξ) ∈ T 2 is an eigenvalue for this odometer action if and only if for some n
It is therefore clear that there are det(A n ) eigenvalues which are associated to the nth stage of the odometer. In what follows we fix a stage n and for ease of notation we suppress the subscript n. Notice in the above two examples, for any α that appears in the spectrum, the number of ξ that can pair with it is the same for any α. It will follow from our work below that this holds in general. In particular, given any matrix A we can decompose it as:
What we will show is that the eigenvalues of the action coming from A are related to the eigenvalues coming fromÂ in a nice geometric fashion. Start with a pair (α,ξ) which is an eigenvalue for the Z 2 odometer on ← −−−−− − Z 2 /Â n Z 2 from stage n, but for technical reasons we ask thatα,ξ ∈ (0, 1]. A simple computation shows that (α,ξ) ∈ Note that the since A n Z 2 < A k Z 2 for all k < n, (19) will include all previous stage eigenvalues as well.
5.3.
Spectral analysis of Heisenberg odometers. Indukaev [6] shows that all p dimensional, irreducible representations of the discrete Heisenberg group H have the following structure: where η ∈ T 1 is an irreducible fraction of the form p , (ξ, α) ∈ T 2 is arbitrary and j denotes the projection onto the jth coordinate in a finite p-dimensional space, j = 0, · · · , p − 1. Fix a Heisenberg odometer action on ←−−− H/Γ n and let (A n , m n , i n ) denote the triples associated with the subgroups Γ n . Here we determine the triples (α, ξ, η) that can occur in the spectral decomposition of the odometer action as a function of (A n , m n , i n ). Recall from Proposition 3.2 that it is necessary that m n divides all the entries of A n for all n. We consider here only the case where m n is the greatest common divisor of the entries of A n . An easy application of Lemma 4.3 shows that any other choice for the sequence m n will result in a factor of this odometer, therefore there will be no new representations that can arise in their spectral decompositions.
Several easy observations follow from our proof of Theorem 5.1. First, since there is an inductive structure to the spectral decomposition of L 2 ( ←−−− H/Γ n , µ) it suffices to describe the choices of (α, ξ, η) that arise in the decomposition of L 2 (H/Γ n ) for some n. It also follows from the proof that the representations that occur must in fact come from the regular representations of the subgroups H/Γ n . In particular, for (x, y, z) ∈ Γ n , (20) must reduce to the identity operator, meaning that (21) yξ + (z + jy) p + x + j p α ∈ Z.
